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Quantum mechanical treatment of light inside dielectric media is important to understand the
behavior of an optical system. In this paper, a two-level atom embedded in a rectangular waveguide
surrounded by a perfect electric conductor is considered. Spontaneous emission, propagation, and
detection of a photon are described by the second quantization formalism. The quantized modes for
light are divided into two types: photonic propagating modes and localized modes with exponential
decay along the direction of waveguide. Though spontaneous emission depends on all possible modes
including the localized modes, detection far from the source only depends on the propagating modes.
This discrepancy of dynamical behaviors gives two different decay rates along space and time in the
correlation function of the photon detection.
PACS numbers: 14.70.Bh,42.50.Pq,79.60.Jv
I. INTRODUCTION
The photon is one of the fascinating objects that
has been researched since Einstein’s introduction. Usu-
ally, the currently accepted definition of photon is a
monochromatic Fourier mode for electromagnetic waves
in the vacuum [1]. Since arbitrary shapes of photonic
modes can be generated by superposition of modes, this
usually accepted definition has been successfully used to
describe many different physical processes [2].
Recently, the technology of dielectric material fabrica-
tion is able to handle small sample sizes, comparable to
the wavelengths of light [4, 5]. Generation of a single pho-
ton inside the dielectric media and propagation through
waveguide has been considered [6]. In that investigation,
a creation (annihilation) operator of the photon was used,
which propagates to the right or left. Since this system
is a one-dimensional waveguide, eikx-type of modes are
enough to handle problems for the generation and prop-
agation of photons. Although an integrated photonic
crystal circuit operates at the single-photon level and
is approximated as one-dimensional system, the actual
phenomena occur in three dimensions. So, we need to
treat the problem quantum-mechanically with Maxwell’s
equations in three dimensions, or the second quantization
method to describe photon’s behavior inside the dielec-
tric material. Furthermore, from several formalisms [7],
we also need to discern a proper description for photon
inside dielectric material by comparing experimentally
verifiable quantities.
To initiate such investigation, this paper has consid-
ered a simple model system to treat the generation, prop-
agation, and detection of light inside a dielectric material.
We have found that the spontaneous decay can induce ex-
ponentially localized modes, which are usually ignored in
the propagation problem, and that there are two differ-
ent decay rates for the space and time in their correlation
function. Though the exponentially localized modes sat-
isfy the transversality condition, ∇ ·E = 0, they do not
propagate [3]. So only the nonlocalized modes are prop-
agating modes, which are present in the far-field region.
However, in near field region the photon detector mea-
sures the whole electric field, and the distinction of prop-
agating modes from the localized modes is not possible
through photon detection.
The remainder of the paper is organized as follows.
In Sec. II we derive the electric field operator using the
second quantization method according to Glauber’s ap-
proach [8]. In Sec. III, we treat spontaneous emission
in a two-level atom using the electric field operator de-
rived in Sec. II. Finally, we calculate the spatio-temporal
correlation function, and in Sec. IV we summarize our
conclusions.
II. ELECTRIC FIELD OPERATOR IN
RECTANGULAR PEC WAVEGUIDE
To see the effect of dielectric materials on photon emis-
sion, propagation, and detection, let’s consider a rectan-
gular waveguide filled by a dielectric material with con-
stant electric permittivity  and constant magnetic per-
meability µ. Here, we choose a rectangular waveguide
since it has a simple though nontrivial geometry. For sim-
plicity, we consider that the dielectric material inside the
waveguide is surrounded by a perfect electric conductor
(PEC) so that the tangential electric field at boundary is
zero. Let’s put the waveguide along the z-axis, and the
center of coordinates at the vertex of the rectangles with
the length along x-axis as a and that along y-axis as b
with a > b, as shown in FIG. 1.
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2The Maxwell equations in source free region are
∇ ·D = 0, (1)
∇ ·B = 0, (2)
∇×E = −∂B
∂t
, (3)
∇×H = ∂D
∂t
, (4)
with constituent equations D = E and B = µH.
To get the field operator using the second quantization
method, we need complete eigenmodes from the classical
Maxwell’s wave equations [8]. By assuming a harmonic
time dependence e−iνt with frequency ν, which is consid-
ered as eigenvalue, Eqs. (3) and (4) become
∇×E = iνB = iνµH, (5)
∇×H = −iνD = −iνE. (6)
The Maxwell’s equations (5) and (6) lead to wave equa-
tions for E and H:
∇2E+ k2E = 0, (7)
∇2H+ k2H = 0, (8)
with k = ν
√
µ. If we assume the propagation
along z-axis as e−γz, the longitudinal field components
(Ex, Ey, Hx and Hy) can be written in terms of the trans-
verse field components (Ez and Hz) as follows:
Ex =
1
h2
(
−γ ∂Ez
∂x
− iνµ∂Hz
∂y
)
, (9)
Ey =
1
h2
(
−γ ∂Ez
∂y
+ iνµ
∂Hz
∂z
)
, (10)
Hx =
1
h2
(
iν
∂Ez
∂y
− γ ∂Hz
∂x
)
, (11)
Hy =
1
h2
(
−iν∂Ez
∂x
− γ ∂Hz
∂y
)
(12)
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FIG. 1. Diagram for a rectangular waveguide along z-axis.
The waveguide is filled with a dielectric material with electric
permittivity  and magnetic permeability µ. We assume that
a > b. (Color online)
with h2 = γ2 + k2. Since γ =
√
h2 − k2, γ will be pure
imaginary for ν > νc or pure real otherwise. Here, νc =
h/
√
µ is the cutoff-frequency.
The solutions of the wave-equation are divided into two
types of modes: the transverse magnetic (TM) modes
with Hz = 0, and the transverse electric (TE) modes
with Ez = 0. The field components for the TM modes
are
ETMz = E0 sin
mpix
a
sin
npiy
b
e−γz, (13)
ETMx = −
γ
h2
(mpi
a
)
E0 cos
mpix
a
sin
npiy
b
e−γz, (14)
ETMy = −
γ
h2
(npi
b
)
E0 sin
mpix
a
cos
npiy
b
e−γz, (15)
HTMx =
iν
h2
(npi
b
)
E0 sin
mpix
a
cos
npiy
b
e−γz, (16)
HTMy = −
iν
h2
(mpi
a
)
E0 cos
mpix
a
sin
npiy
b
e−γz, (17)
with positive integers m and n, and for TE modes are
HTEz = H0 cos
mpix
a
cos
npiy
b
e−γz, (18)
ETEx =
iνµ
h2
(npi
b
)
H0 cos
mpix
a
sin
npiy
b
e−γz, (19)
ETEy = −
iνµ
h2
(mpi
a
)
H0 sin
mpix
a
cos
npiy
b
e−γz, (20)
HTEx =
γ
h2
(mpi
a
)
H0 sin
mpix
a
cos
npiy
b
e−γz, (21)
HTEy =
γ
h2
(npi
b
)
H0 cos
mpix
a
sin
npiy
b
e−γz, (22)
with non-negative integers m and n without simulta-
neous m = 0 and n = 0. The boundary conditions
suggest that allowable γmn =
√
h2mn − k2 with hmn =√
(mpi/a)
2
+ (npi/b)
2
. The propagating mode with the
lowest cutoff frequency is a TE mode with m = 1 and
n = 0.
In the usual treatment of the propagation problem with
injected light as input along the waveguide, the modes
with exponential behavior (γ > 0) have been excluded
since they diverge at |z| → ∞, and only the oscillat-
ing eigenmodes (γ = iβ) are considered, since they can
propagate into the far-field region, where the detector
is located. However, in our system the light is gener-
ated inside the dielectric material, and we want to solve
a photon-generation problem in quantum mechanics. So,
the usually ignored exponential decay modes can oper-
ate as one of the quantized modes, which can interact
with the embedded atom. For a single atom located at
z = 0, the replacement of the exponential function e−γz
into e−γ|z| is an acceptable eigenmode with a singularity
in first derivative at z = 0. One thing to note is that all
eigenmodes satisfy the transversaility condition, that is
∇ ·ETE(TM)mn = 0. Since the corresponding wave vector k
for the localized modes has a complex number in compo-
nent along the z-axis, these modes do not propagate and
only oscillate in time near the source.
3The corresponding electric field operator can be writ-
ten as [8]
Eˆ =
∑
ν
∑
K
{
EνK aˆ
ν
Ke
−iνt + (EνK)
∗(aˆνK)
†eiνt
}
(23)
where K = {TE( or TM),m, n} denotes the set of quan-
tum numbers for eigenmodes, and aˆνK ( aˆ
ν†
K ) is anni-
hilation (creation) operator for the corresponding mode.
EνK are the eigenmodes for the electric field for a fixed
frequency with orthogonality∫
dr EνK · (EνK′)∗ = 0 for K 6= K ′. (24)
The orthogonality condition for modes with different fre-
quency is still ambiguous. However, since the frequency
is given as the eigenvalue of Maxwell’s equation, the sum-
mation over ν might be similarly interpreted as that of
continuous quantum states such as position states [10].
From the creation (aˆνK)
† and annihilation aˆνK operators
in the K mode with frequency ν, we can define the
number operator nˆνK ≡ (aˆνK)†aˆνK with a photon num-
ber state |nνK〉 as the corresponding eigenstate, such that
nˆνK |nνK〉 = nνK |nνK〉. The general photon number state
can be constructed by applying the corresponding cre-
ation operator:
|nνK〉 ≡
(aˆνK)
†n
√
n!
|0〉. (25)
Similarly to continuous modes, such as position modes
or momentum modes in quantum mechanics [10], we can
assume the completeness and orthonormality of these
modes for different frequencies:
〈nνK |nν
′
K′〉 = δKK′δ(ν − ν′), (26)
and ∑
ν
∑
K
|nνK〉〈nνK | = 1. (27)
According to Eqs. (26) and (27), we can treat the states
over the continuous variable ν as independent to each
other, similarly to ones over discrete variables.
To find the unknown coefficients E0 and H0, let’s as-
sign ~ν as the energy of the photonic modes:
1
2
∫
d3r{|EνK |2 + µ|HνK |2} = ~ν, (28)
where ~ is Dirac’s constant. Since the integration along
z-axis diverges for the propagating modes, we should be
careful when carrying out the above integration along z-
axis. Similar to the vacuum mode, we might consider
a periodicity along z-axis, and restrict the integration
range [−L/2, L/2] for propagating modes. The normal-
ization gives for a propagating TM mode (γ = iβ)
|E0|2 = 4~h
2
mn
2µνLS
, (29)
for a localized TM mode (γ > 0)
|E0|2 = 4γ~h
2
mn
2µνS
, (30)
for a propagating TE mode (γ = iβ)
|H0|2 = 4~h
2
mn
νµ2LS
, (31)
and for a localized TE mode (γ > 0)
|H0|2 = 4γ~h
2
mn
νµ2S
, (32)
with the cross-sectional area of the waveguide S = ab.
Since the periodicity L is arbitrary, we need another con-
dition for the summation over frequency for the propa-
gating modes.
For a description of photons in vacuum, the summation
index over states is wave-number k, which satisfy period-
icity k = 2pin/L with integers n. The transition from dis-
crete summation to continuous integration is given by [2]∑
k
→
(
L
2pi
)∫
dk. (33)
Similarly, we can consider the wave-number β along z-
axis for the propagating modes. The summation over ν
is divided into two parts by the cut-off frequency νc for
given K = {TE(or TM),m, n}:∑
ν
=
∑
ν<νc
+
∑
ν>νc
=
∑
ν<νc
+
∑
β
. (34)
Then, the summation over β can be transformed into
continuous integration similarly as is done in vacuum∑
β
→
(
L
2pi
)∫
dkz
dβ
dβ =
(
L
2pi
)∫
dβ
vgz
, (35)
where vgz =
dβ
dkz
is the group velocity along the z-axis.
In our case, vgz = 1/
√
µ, which is same to the phase ve-
locity. Then the arbitrary quantization length L, shown
in Eqs. (29) and (31), will be canceled out by the L in
Eq. (35) in the calculation of any physical observables.
The localized modes show exponential decay along the
z-direction, and depend on the position of the two-level
atom. However, along the x- and y-axes they show an
oscillatory behavior. Furthermore, we emphasize again
that these localized modes are also quantized modes
since they are the eigenmodes of the two wave equations,
Eq. (7) and Eq. (8).
III. SPONTANEOUS EMISSION
A. Hamiltonian
Let’s consider a spontaneous emission from a two-level
atom embedded inside the PEC rectangular waveguide,
4𝑎  
𝑏  
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FIG. 2. A two-level atom has an upper state |a〉 and a lower
state |b〉. The transition frequency is ω = ωa − ωb with the
energy of upper state ~ωa and that of lower state ~ωb. (Color
online)
shown in FIG. 2. With the dipole approximation and
rotating wave approximation, the Hamiltonian [2] is
H = HF +HA +Hint (36)
where
HF =
∑
ν
∑
K
~ν
(
(aˆνK)
†aˆνK +
1
2
)
, (37)
HA = ~ωa|a〉〈a|+ ~ωb|b〉〈b|, (38)
Hint = −er · Eˆ = ~
∑
ν
∑
K
gνK σˆ+aˆ
ν
K + H.C.. (39)
Here, H.C. denotes Hermitian Conjugate. The atomic
transition operators are
σˆ+ = |a〉〈b|, (40)
σˆ− = (σˆ+)† = |b〉〈a|, (41)
and the interaction coefficient is
gνK = −
℘ba ·EνK
~
(42)
with dipole transition matrix element ℘ba = e〈b|r|a〉.
B. Decay rate and shift of transition energy
In the interaction picture, the Hamiltonian is
V = ~
∑
ν
∑
K
[gνK σˆ+aˆ
ν
Ke
i(ω−ν)t + H.C.] (43)
with ω = ωa − ωb. Here we ignore the zero-point en-
ergy 12~ν, since it just shifts the energy level of Hamilto-
nian [2]. From the dressed state for the two-level atom
with the field
|ψ(t)〉 = ca(t)|a, 0〉+
∑
ν
∑
K
cb,ν,K |b, 1νK〉, (44)
the corresponding Schro¨dinger equation,
|ψ˙(t)〉 = − i
~
V|ψ(t)〉, (45)
gives the following equations of motion for the coefficients
ca(t) and cb,ν,K(t)
c˙a(t) = −i
∑
ν
∑
K
gνKe
i(ω−ν)tcb,ν,K(t), (46)
c˙b,ν,K(t) = −i(gνK)∗e−i(ω−ν)tca(t), (47)
with initial conditions ca(0) = 1 and cb,ν,K(0) = 0, which
means that the two-level atom is prepared in an excited
state. Integration of Eq. (47) over t and substitution into
Eq. (46) gives the following integro-differential equation
for ca(t):
c˙a(t) = −
∑
ν
∑
K
|gνK |2
∫ t
0
dt′ei(ω−ν)(t−t
′)ca(t
′)
' −
∑
ν
∑
K
|gνK |2
∫ t
0
dt′ei(ω−ν)(t−t
′)ca(t)
= −i
∑
ν
∑
K
|gνK |2
[ P
ω − ν − ipiδ(ω − ν)
]
ca(t)
= −
(
Γeff
2
− iδω
)
ca(t), (48)
where the Markovian approximation for slow varying
ca(t) is used to get this term out of the time integra-
tion [2], and P denotes the Cauchy principal value [11].
Here, Γeff is the decay constant and δω is the level shift
of the transition from the upper level to lower one:
Γeff = pi
∑
ν
∑
K
|gνK |2δ(ω − ν), (49)
δω =
∑
ν
∑
K
P |g
ν
K |2
ω − ν . (50)
The summation goes over all possible states including the
localized modes.
C. Propagation through the waveguide
The temporal behavior of the excited state is given by
ca(t) = e
−(Γeff/2−iδω)tca(0) = e−(Γeff/2−iδω)t (51)
cb,ν,K(t) = −i(gνK)∗
∫ t
0
dt′e−i(ω˜−ν)t
′−Γefft′/2
= (gνK)
∗
[
1− ei(ν−ω˜)t−Γefft/2
(ν − ω˜) + iΓeff/2
]
, (52)
with shifted frequency ω˜ = ω − δω. So all the quantized
modes are induced by the de-excitation of the atom.
Since we put the detector far away from the atom,
the measured modes are just the propagating modes, be-
cause the localized modes decay exponentially along the
wave-guide axis and can be ignored in a region near the
detector. In addition, ca(t) is also exponentially decaying
5in time. After t Γ−1eff , the dressed state becomes
|ψ(t)〉 '
∑
ν
∑
K′
cb,ν,K |b, 1νK〉 = |b〉 ⊗ |γ〉 (53)
where the photonic state far away from the atom is
|γ〉 =
∑
ν
∑
K′
{gνK′(r0)}∗
(ν − ω˜) + iΓeff/2 |1
ν
K′〉. (54)
Here, K ′ sums over only propagating modes and r0 is the
position of the atom.
If the atomic transition frequency ω˜ is between the
lowest cutoff frequency and the second lowest cutoff fre-
quency, the dominant propagating mode |γ〉sm is the TE
mode with m = 1 and n = 0:
|γ〉sm =
∑
ν
(−i)℘∗ab
√
4ν
~LS
sin
pix0
a
× e
+iβz0
(ν − ω˜) + iΓeff/2 |1
ν
TE,1,0〉, (55)
where the atom’s position r0 = (x0, y0, z0). It is obvious
that the generated propagating mode |γ〉sm is indepen-
dent of atom’s position along the y-axis.
If the frequency ω is below the lowest cutoff frequency,
the induced modes from the excited atom are localized
modes, and the energy will oscillate between the atom
and the localized modes.
D. Measurement by the detector
A single photon can be measured by a detector through
photon absorption process, or by another atom through
excitation. Here, we consider a measurement by a detec-
tor, which can be described by the correlation function
[2]:
G(1)(r, t) = 〈ψ|Eˆ(−)(r, t)Eˆ(+)(r, t)|ψ〉
= |〈0|Eˆ(+)(r, t)|γ〉|2, (56)
where the positive frequency part in electric field opera-
tor from Eq. (23) is
Eˆ(+)(r, t) =
∑
ν
∑
K
EK aˆKe
−iνt. (57)
For the single photonic mode case, Eq. (55), we ob-
tain the following expression through a contour integral,
which is explicitly derived in the Appendix:
〈0|Eˆ(+)(r, t)|γ〉sm =i
ω˜
√
µ℘∗ab
pi2S
ω˜√
(pi/a)2 − ω˜2
× sin pix0
a
sin
pix
a
Θ(t−√µz)
× ei(βr−iβi)∆z−i(ω˜−iΓeff/2)t, (58)
where the distance ∆z is from the source atom to the
field operator evaluation point along z-direction, and Θ
is the step function. Explicit expressions for βr and βi
are shown in the Appendix. One thing to note is that
the above equation is evaluated at the shifted resonance
frequency ω˜ = ω − δω.
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FIG. 3. Profile of correlation function in (z, t) plane. The dis-
tant detector at z can detect after some time t allowable by
the causality relation, shown as black solid line on (z, t) plane.
In a time t along z axis, the detection probability shows ex-
ponential behavior with decay constant Γspa, drawn by red
dashed line. Similarly, the detection probability at fixed po-
sition is maximum at the initial time and shows exponential
decay along t with decay constant rate Γeff. Generally, Γeff
and Γspa are different. The maximum value of correlation at
z shows also the exponential behavior. The values of param-
eters are
√
µ = 1.2 and Γspa/Γeff = 0.8. (Color online)
Then, the first-order correlation function is
G(1)sm(r, t) =
(
ω˜
√
µ℘∗ab
pi2S
)2
ω˜2
(pi/a)2 − ω˜2 sin
2 pix
a
sin2
pix0
a
Θ(t−√µ∆z)eΓspa∆z−Γefft, (59)
6where the spatial decay rate is
Γspa = 2βi. (60)
One thing to note is that the ratio between the spatial
decay rate Γspa and the temporal decay rate Γeff is gen-
erally different from the velocity
√
µ.
In Fig. 3, we show the profile of the correlation func-
tion in (z, t) plane. The distant detector at z from the
source atom, located at z0, can detect after a propagation
time t =
√
µ|z− z0| by the causality relation. Along the
z axis, the detection probability shows exponential be-
havior with decay constant Γspa. Similarly, the detection
probability at a fixed position is maximum at the arrival
of the photon and shows exponential decay along t with
decay constant rate Γeff. It also shows the exponential
behavior along the line with t−√µz = const., since the
ratio is different from
√
µ.
In Eq. (59), the spatial decay and temporal decay are
different in the first order correlation function due to the
geometrical boundary of the waveguide. The ratio of two
decay rates Γspa/Γeff is equal to
√
µ at ω˜ = ω˜d with
ω˜2d =
2µ2Γ4eff + 12µΓ
2
eff(pi/a)
2 + 4(pi/a)4
8{µΓ2eff + 2(pi/a)2}µ
, (61)
which is derived from Eq. (70) in the Appendix. In the
limit ω →∞, the spatial decay rate approaches the tem-
poral decay rate. In the a  b limit (that is, like a
shallow slab), the temporal decay rate is larger than the
spatial one when ω˜2 > Γ2eff/8. The correlation function
is maximum in the cross-section of the waveguide when
the detector and the embedded atom are in the middle
of the waveguide along the x axis.
In comparison, the correlation function in free space
[2] is
G
(1)
free(r, t) =
|E0|2
|r− r0|2 Θ
(
t− |r− r0|
c
)
e−Γ(t−|r−r0|/c),
(62)
where c is the speed of light, and the vacuum decay rate
Γ = 14pi0
4ω3℘2ab
3~c3 (63)
with the dipole moment ℘ab [2]. Here,
E0 = −ω
2℘ab sin η
4pi0c2∆r
, (64)
and η is the angle of the dipole moment from z-axis.
IV. CONCLUSION
A simple model for the spontaneous emission problem
is reconsidered in terms of the second quantization for-
malism. It has been revealed that the usually ignored
localized modes should be considered as one of the quan-
tized modes to calculate the decay rate for spontaneous
emission. However, the description for propagation and
detection of photon is similar to classical treatment since
localized modes cannot contribute to these phenomena.
One thing to notice is that the decay rates in space and
time are different with smaller spatial decay rate usually.
The problem with dispersive dielectric material will be
investigated later.
Furthermore, since we get the quantized electric field
operator in this simple system, we can describe any
quantum optical phenomena also. However, to extend
Glauber’s method [8] to other systems might be difficult
since it is usually difficult to calculate the complete set of
eigenfunctions. To overcome this obstacle, approximate
methods to the quantized field should be developed, such
as to numerically evaluate the eigenmodes for a descrip-
tion of the behavior of the optical system.
APPENDIX: EVALUATION OF THE
FIRST-ORDER CORRELATION FUNCTION
The calculation for the transition probability ampli-
tude at the detection from a propagating photonic mode
to vacuum mode is explicitly shown. From Eqs. (55) and
(57),
〈0|Eˆ(+)(r, t)|γ〉sm
=
∑
ν
ETE,10e
−iνt g
∗
TE,10(r0)
(ν − ω˜) + iΓeff/2
'− 2
√
µ
piS
sin
pix0
a
sin
pix
a
∫
dβ
ν℘∗abe
−iβ(z−z0)−iνt
(ν − ω˜) + iΓeff/2
'− 2ω˜
√
µ℘∗ab
piS
sin
pix0
a
sin
pix
a
∫
dβ
e−iβ(z−z0)−iνt
(ν − ω˜) + iΓeff/2
(65)
where the frequency ν is approximated by the shifted
resonance frequency ω˜.
𝜔  
Γeff
2
 
Im(𝜈) 
Re(𝜈) 
FIG. 4. Profile of contour integral in complex ν-plane. (Color
online)
To evaluate the above integration in Eq. (65), let’s con-
sider the contour integration after change of variables
from β to ν. Since we are interested in a region near ω˜
7where the pole is located,∫
dβ
eiβ(z0−z)−iνt
(ν − ω˜) + iΓeff/2
'√µ
∫
ν
β
dν
eiβ(z0−z)−iνt
(ν − ω˜) + iΓeff/2
'√µ ω˜√
(pi/a)2 − ω˜2
∫
dν
eiβ(z0−z)−iνt
(ν − ω˜) + iΓeff/2 . (66)
Since the pole is at lower-half plane in complex ν-plane,
the contour C is as shown in Fig. 4 to get the nonzero
result. ∫
dν
eiβ(z0−z)−iνt
(ν − ω˜) + iΓeff/2
=
1
2pii
∫
C
dν
eiβ(z0−z)−iνt
(ν − ω˜) + iΓeff/2
=
1
2pii
Θ(t−√µz)ei(βr−iβi)∆z−i(ω˜−iΓeff/2)t, (67)
where ∆z = |z − z0| is the distance between the source
atom and a detector, and βr and βi are
βr + iβi = β(ν = ω˜ − iΓeff/2)
=
√
√
µ
(
ω˜ − iΓeff
2
)2
−
(pi
a
)2
=
√
√
µ(ω˜2 − Γ
2
eff
4
)−
(pi
a
)2
− i√µω˜Γeff .
(68)
After a simple evaluation, we get
βr =
√
A+
√
A2 + 4B2
2
> 0, (69)
βi = −
√√
A2 + 4B2 −A
2
(70)
with A =
√
µ
(
ω˜2 − Γ2eff/4
) − pi2/a2, and B =√
µω˜Γeff/2. Here, we choose βr as positive.
Substituting Eq. (67) into Eq. (65) we obtain the tran-
sition probability amplitude
〈0|Eˆ(+)(r, t)|γ〉sm =i
ω˜
√
µ℘∗ab
pi2S
ω˜√
(pi/a)2 − ω˜2
× sin pix0
a
sin
pix
a
Θ(t−√µz)
× ei(βr−iβi)∆z−i(ω˜−iΓeff/2)t. (71)
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